Abstract Nonlinear methods such as chaos theory and bifurcation diagrams are useful for analyzing complex biological and medical systems. In this work, the bifurcation diagrams of CD4 cells and viral load dynamics under antiretroviral therapy have been reconstructed from the measured time series using a nonlinear dynamic model. The bifurcation parameter of the system was identified and the bifurcation diagrams were constructed. Results demonstrate that the CD4 and HIV-1 viral load under the influence of antiretroviral drugs (zidovudine, lamivudine and ritonavir) exhibits bifurcation behavior in short parameter ranges. Further, it was observed that the antiretroviral therapy may fail at certain values of the bifurcation parameter (l = 7.769, 7.883 and 7.91), since there is a possibility of decrease in CD4 cell population at these values of the parameter.
Introduction
The measured time series representing the various dynamical aspects of infectious diseases can explain complex physiological and pathological conditions. The nonlinear analysis of the HIV system is highly useful for choosing appropriate modeling techniques and for designing suitable control strategies (de Souza 1999; Ho and Ling 2010) . Further, mathematical models are widely utilized in medicine and biology for understanding the dynamics of biological processes (Gupta and Misra 2013; Sibanda and Pretorius 2013; Nounou et al. 2013) .
There are several reports on the nonlinear and chaotic analysis of the HIV system without antiretroviral therapy. Ho and Ling (2010) have shown that the HIV system dynamics is sensitive to both the initial conditions and the system parameters. Kamalanand and Jawahar (2012a, b) have analyzed the predictability of the HIV system using chaotic measures such as the Hurst exponents. The authors have further used nonlinear estimation techniques such as particle swarm optimization and jumping frogs optimization for estimation of the HIV system parameters (Kamalanand and Jawahar 2012a, b; 2013a, b) . Al-Sheikh et al. (2011) performed stability analysis on a nonlinear mathematical model which analyzes the spread and control of HIV. Bortz and Nelson (2004) performed a formal sensitivity analysis on a nonlinear model of HIV infection dynamics. However, the reports on chaotic analysis on HIV system under the influence of antiretroviral drugs are very limited.
The bifurcations in dynamical systems are the qualitative changes in dynamics of the system. The parameter values at which they occur are called bifurcation points.
The bifurcation diagram provides models of instabilities in the dynamical system (Strogatz 1994) and is an important tool in chaos theory for understanding the periodic and chaotic properties of a nonlinear system. Further, the bifurcation diagrams are useful in analyzing the steadystate solutions of this system for variations in system parameters. The bifurcation diagrams are important for obtaining the area of dynamic system parameter for which the system behavior is chaotic (Bagarinao et al. 2000) . Recently, bifurcation diagrams have been utilized in a variety of fields for the purpose of analysis (Lou et al. 2013; de Back et al. 2013; Kamalanand and Jawahar 2013a, b) .
The objective of this work is to reconstruct the bifurcation diagrams of CD4 cell population and viral load dynamics of the HIV system under the influence of antiretroviral drugs--zidovudine, lamivudine and ritonavir.
Methodology
In this work, the bifurcation diagrams of CD4 cells and viral load dynamics under therapy have been reconstructed from the measured time series using the method proposed by Bagarinao et al. (2000) . The ACTG 315 longitudinal data (N = 46) consisting of CD4 cell count and HIV-1 viral load under the drug combination consisting of zidovudine (AZT), lamivudine (3TC) and the protease inhibitor ritonavir (Connick et al. 2000; Lederman et al. 1998; Liang et al. 2003; Wu and Ding 1999; Wu et al. 1999; Wu and Liang 2004) has been utilized for this study. A dynamic polynomial model of the form:
was used for describing the dynamics of CD4 cell count and HIV-1 viral load, where, a i ¼ ½a 0 ; a 1 ; a 2 ; a 3 ; a 4 is the set of parameters of the model and x(t) is the measured time series. The bifurcation parameter (l) from the set of model parameters was selected as the parameter exhibiting maximum variance. Further, the bifurcation diagrams of CD4 cells and viral load dynamics were reconstructed using l as the effective bifurcation parameter. The algorithm (Houfek et al. 2008) for constructing the bifurcation diagrams is presented:
Algorithm 1: Reconstruction of bifurcation diagrams from measured time series
Step 1: Develop dynamic nonlinear models of the form x(n) = f(x(n -1)), parameterized by a set of parameters, from the measured time series.
Step 2: Select the bifurcation parameter from the parameter set, as the parameter exhibiting maximum variance, and determine the interval of the parameter change.
Step 3: Perform the solution of the model which describes the system under consideration, depending of the particular value of bifurcation parameter.
Step 4: Introduce small change in the value of bifurcation parameter. Step 5: Repeat steps 3 and 4 until the full interval of bifurcation parameter is fulfilled.
Step 6: Draw bifurcation diagram where each partial calculation corresponds to a single point.
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Results and discussion Figure 1 shows the reconstructed bifurcation diagram of CD4 cell dynamics under the influence of antiretroviral drugs. It is seen that the CD4 cells exhibit bifurcation behavior in the short parameter range of 7.5-8.1. It is found that CD4 cells exhibit pitchfork bifurcations at l = 7.769, 7.883 and 7.91. Hence, it appears that there is a possibility of failure in antiretroviral therapy beyond the bifurcation points, since by increasing these values of the system parameters, the CD4 cell count may decrease or increase. Figure 2 shows the reconstructed bifurcation diagram of HIV-1 viral load dynamics under the influence of antiretroviral drugs. It appears that the viral load also exhibits several bifurcations as the parameter value decreases in the range of 0.7-0.9. It is seen that the HIV-1 viral load exhibits pitchfork bifurcations at l = 0.843, 0.823 and 0.753.
Further, it appears that both the CD4 cell population and HIV-1 viral load exhibit chaotic and bifurcation behavior in the considered range of parameters, under the influence of antiretroviral drugs such as zidovudine, lamivudine and ritonavir and any change in the value of the bifurcation parameter results in instability of the therapy. 
Conclusions
The bifurcation diagram is an important tool for analyzing the periodic and chaotic properties of a nonlinear system. In this work, the bifurcation diagrams of CD4 cells and viral load dynamics under the influence of antiretroviral drugs have been reconstructed using a dynamic nonlinear model, from the measured time series.
Results demonstrate that the CD4 and HIV-1 viral load under the influence of antiretroviral drugs zidovudine, lamivudine and ritonavir exhibit bifurcation behavior and is chaotic in short parameter ranges. Further, it was observed that the antiretroviral therapy may fail at particular values of the bifurcation parameter. It appears that this study is of high clinical relevance since it explains the effect of antiretroviral drugs on the chaotic and bifurcation behavior of the HIV system. 
